Introduction.

Consider a continuous irreducible Galois representation
ρ : Gal(Q/Q) → GL n (C) with n > 1. Inspired by his reciprocity law, Artin conjectured in [1] that L(ρ, s) has an analytic continuation to the whole complex plane. Many of the known cases of this conjecture were obtained by proving the apparently stronger assertion that ρ is automorphic, in the sense that the L-function of ρ is equal to the L-function of a certain automorphic representation (whose L-function is known to have analytic continuation). In the special case where n = 2 and ρ is in addition assumed to be odd, the automorphic representation in question should be the one associated to a classical weight 1 modular eigenform, and in fact there is conjectured to be a bijection between such ρ and the set of all weight 1 cuspidal newforms, which should preserve L-functions. It is this bijection that we are concerned with in this paper, so assume for the rest of the paper that n = 2 and ρ is odd.
In this special case, the construction of [7] shows how to construct a continuous irreducible odd 2-dimensional representation from a weight 1 newform, and the problem is to go the other way. Say that a representation is modular if it arises in this way.
If the image of ρ is solvable, then ρ is known to be modular [11, 18] ; if the image is not solvable, then Im(ρ) in PGL 2 (C) is isomorphic to the alternating group A 5 , and the modularity of ρ is, in general, unknown. We call such a 2-dimensional representation an "icosahedral representation". The published literature contains only eight examples (up to twist) of odd icosahedral Galois representations that are known to satisfy Artin's conjecture: One of conductor 800 = 2 5 · 5 2 (see [3] ), and seven of conductors: 2083, 2 2 · 487, 2 2 · 751, 2 2 · 887, 2 2 · 919, 2 5 · 73, and 2 5 · 193 (see [8] ).
After the first draft of this paper was written, the preprint [4] appeared, which contains a general theorem that yields infinitely many (up to twist) modular icosahedral representations. However, we feel that our work, although much less powerful, is still of some worth, because it gives an effective computational approach to proving that certain mod 5 representations are modular, without computing any spaces of weight 1 forms or using effective versions of the Chebotarëv density theorem. We also note that the main theorem of [4] does not apply to any of the examples considered in the present paper. Very recently, the preprint [17] appeared, which gives new local conditions under which an icosahedral representation can be proved to be modular. In particular, [17] also proves that the first three examples in the present paper, of conductors 1376, 2416, 3184, are modular; these correspond to the first, third, and fourth equations at the end of [17] . However, [17] does not apply to our remaining five examples. Finally, we note that this paper also contains a result (Corollary 1.7) generalizing the main results of [16] , which makes explicit computations with mod p modular forms much more practical.
Let ρ be a continuous odd icosahedral representation. We briefly summarise our approach for verifying modularity of ρ. As all the representations we consider are unramified at 5, one can use the main theorem of [5] to reduce the problem to showing that the mod 5 reduction of ρ is modular. We do this by using a computer to find a candidate mod 5 modular form at weight 5 and then, using the table of icosahedral extensions of Q in [8] and what we know about the 5-adic representation attached to our candidate form, we deduce that the mod 5 representation attached to our candidate form must be the reduction of ρ. In particular, this paper gives a computational method for checking the modularity of certain mod 5 representations whose conductors are not too large.
We now explain something about a problematic point in this approach, which is to verify that a given modular form which has been obtained by a computation actually gives rise to an explicit mod 5 representation which has been given by another computation. In each of our examples it is easy to compute a few Hecke operators and be morally convinced that this is the case; it is far more difficult to prove this. Effective variants of the Chebotarëv density theorem require that we check vastly more traces of Frobenius than is practical. Our approach was as follows. Let f be one of the forms that we computed. We firstly used the compatibility of the Local and Global Langlands correspondences for GL 2 and some twisting tricks to deduce that the kernel of the projective mod 5 representation associated to f must correspond to an A 5 -extension of Q. We then used the theory of companion forms and a careful local analysis of the representations associated to the forms to deduce strong local results about these A 5 -extensions. Finally we used Table 2 of [8] to prove that in each case the A 5 -extension was precisely the one we wanted it to be.
We carried out this program for icosahedral representations of the following conductors: 1376 = 2 5 · 43, 2416 = 2 4 · 151, 3184 = 2 4 · 199, 3556 = 2 2 · 7 · 127, 3756 = 2 2 · 3 · 313, 4108 = 2 2 · 13 · 79, 4288 = 2 6 · 67, and 5373 = 3 3 · 199.
This paper is divided into three sections. In Section 1, we give in detail our proof that the icosahedral representation of minimal conductor 1376 satisfies Artin's conjecture. The subsections of Section 1 follow the plan outlined above. Section 2 summarizes the data necessary to deduce Artin's conjecture for all eight of our examples. Finally, Section 3 contains a brief review of modular symbols, and contains some tables of running times.
Modularity of an icosahedral representation of
conductor 1376 = 2 5 · 43.
In this section we prove the following theorem. Let K be the splitting field of h = x 5 +2x 4 +6x 3 +8x 2 +10x+8. The Galois group of K is A 5 , so we obtain a homomorphism G Q → A 5 ⊂ PGL 2 (C); let ρ : G Q → GL 2 (C) be a minimal lift, minimal in the sense that the Artin conductor of ρ is minimal. By Table A 5 of [3] , the conductor of ρ is N = 1376 = 2 5 · 43. Since h ≡ (x − 1)(x 2 − x + 1)(x 2 − x + 2) (mod 5), and disc(h) is coprime to 5, any Frobenius element at 5 in Gal(K/Q) has order 2.
We use the notation of Tables 3.1 and 3.2 of [3, p. 46], which gives a complete classification of the way that ramified primes can behave in such representations. In our case the ramified primes are 2 and 43. From Table  3 .2 of [3] we see that the type of ρ at 2 is 17 and the type at 43 is 2. The level N Dirichlet character ε = det(ρ) factors as ε = ε 2 · ε 43 where ε 2 is a character of conductor dividing 2 5 and ε 43 is a character of conductor 43. We can work out these characters explicitly as we know the type of ρ at 2 and 43-indeed, there is a character associated to each type in Buhler's table, which unfortunately is not tabulated. An easy local computation shows that ε 43 has order 3, and fortunately Buhler's level 800 example also was of type 17 at 2 (see the first line of [3, If 2 is the least common multiple of the degrees of the factors of the polynomial h modulo an unramified prime p, then Frob p ∈ Gal(K/Q) has order 2, hence trace 0. The first three such p are 19, 31, 97. We computed the mod 5 reduction S 5 (1376, ε; F 25 ) = S 5 (1376, ε; F 25 ) + of the Z 5 [ζ 3 ]-lattice of modular symbols of level 1376 and character ε, where complex conjugation acts as +1. The intersection V of the kernels of T 19 , T 31 , and T 97 inside S 5 (1376, ε; F 25 ) + has dimension 8, and no doubt all the eigenforms in this space give rise to ρ or one of its twists. One of the eigenvalues of T 3 on this space is α 16 , and the kernel V 1 of T 3 − α 16 is 2-dimensional over F 25 . The Hecke operator T 5 acted as a diagonalizable matrix on V 1 , with eigenvalues α 10 and α 22 , so the corresponding two systems of eigenvalues must correspond to mod 5 modular eigenforms, and furthermore we must have found all mod 5 modular eigenforms a n q n of this level, weight and character, such that a 19 = a 31 = a 97 = 0 and a 3 = α 16 .
Remark 1.2.
The careful reader might wonder how we know that the systems of mod 5 eigenvalues really do correspond to mod 5 modular forms, and not to perhaps some strange mod 5 torsion in the space of modular symbols. However, we eliminated this possibility by computing the dimension of the full space of mod 5 modular symbols where complex conjugation acts as +1, and checking that it equals 696, the dimension of S 5 (1376, ε, C), which we computed using the formula in [6] .
Let f be the eigenform in V 1 that satisfies a 5 = α 22 ; the q-expansion of f begins
Further eigenvalues are given in Table 1 . The primes p in the table such that a p = 0 are exactly those predicted by considering the splitting behavior of h. This is strong evidence that ρ is modular, and also that our modular symbols algorithms have been correctly implemented. to 1. Note that 3 is a primitive root mod 43, and that 2α+1 has order 3. The complementary character ε 2 is defined by ε = ε 2 · ε 43 . The twist g = f ⊗ ε 43 is, by [14, Prop. 3 .64], an eigenform in S 5 (43N, ε 2 ; Q 5 ), and its reduction is a form g ∈ S 5 (43N, ε 2 ; F 25 ). The eigenvalues a p (g) = a p (f )ε 43 (p), for the first few p 5N , are given in Table 2 .
Twisting into GL(2, F 5 ). Although there is a representation ρ
where A is the adèle ring of Q. Because 43 || N , and 43 divides the conductor of ε, we see that the local component π 43 of π at 43 must be ramified principal series. By the compatibility of the local and global Langlands correspondence, proved by Deligne, Langlands and Carayol, we see that
with, without loss of generality, Ψ 2 unramified. We have For all primes p 5N we have a p (f ) = ε 43 (p) −1 a p (f ). In particular, we have a p (f ) = 0 for p = 19, 31. Also, ε 43 (3) = α 8 and ε 43 (5) = α 8 , so
Now if
σ is the nontrivial automorphism of F 25 , then σ(f ) and f both lie in S 5 (1376, ε; F 25 ) and have the same a p for p = 3, 5, 19, 31, so they are equal because we found f by computing the unique eigenform with given a p for p = 3, 5, 19, 31. So g = f ⊗ ε 43 = σ(f ) ⊗ ε 2 43 . Thus for all p 5N , we see that a p (g) = a p (f ) 5 ε 2 43 has fifth power ap (g) 5 = a p (f ) 25 ε 10 43 = a p (f )ε 43 = a p (g).
1.3.
Proof that ρ g is unramified at 5. We begin with a generalization of [16] . Let M > 4 be an integer, and let h = n≥1 c n q n be a normalized cuspidal eigenform of some weight k ≥ 1, level M and character χ, defined over some field of characteristic not dividing M . Even though the base field might not have characteristic zero, we may still define the conductor of χ to be the smallest divisor f of M such that χ factors through (Z/f Z) × . Let I be a set of primes, with the property that for all p in I, one of the following conditions hold: We first deal with primes p of the form (i). Say M = p m R, where R is prime to p. Thinking of h as a rule for attaching k-fold differentials to elliptic curves equipped with points of order p m and R, we have by definition
where ζ = ζ p m and ζ R are fixed p m th and Rth roots of unity in G m which correspond to the cusp ∞, and dt/t is the canonical differential on the Tate curve G m /q Z . We normalize things such that
and remark that because h is an eigenvector for the Diamond operators, we do not have to worry too much about whether this corresponds to the standard normalization of the w p -operator. We recall that the operator pU p in this setting can be thought of as being defined by the rule:
where C runs through the subgroups of E of order p which have trivial intersection with P , and π denotes the canonical projection E → E/C. We see that
where π denotes the canonical projection from G m / q p m to the appropriate quotient. This last sum can be written as a double sum
where we have written χ = χ R χ p , for χ R a character of level R and χ p a character of level p m . We deduce that
can be checked to be nonzero because the conductor of χ p is p m . Hence
Equating coefficients of q we deduce that 
/c p , a classical formula if the base field is the complexes. Now we deal with primes of the form (ii) (note that we never use this case in the rest of the paper). We think of h as a rule associating k-fold differentials to triples (E, C, Q) where C a cyclic subgroup of order p and Q a point of order R = M/p. Because h is p-new, the trace of h down to X 1 (M/p) must be zero, and hence we see that for any elliptic curve E equipped with a point Q of order R,
As before, normalize things so that
The fact that the trace of h is zero implies that
and hence that
c n q n = 0 from which we deduce that the d n can be read off from c p and the c n .
Remark 1.6. The size of C is φ(M )·2 |I|−1 , and the usefulness of this lemma is that if h 1 and h 2 are two normalized eigenforms of the same level, weight and character as above, both new at all primes in I, and the coefficients of q n in the q-expansions of h 1 and h 2 agree for n ∈ I and n ≤ t, then h 1 − h 2 has a zero of order at least t + 1 at all cusps in C, and in particular For example, when n > 1 and p n exactly divides both the level of an eigenform and the conductor of its character, then one can compute the q-expansion of the eigenform at many "middle cusps" too, and hence increase the size of C in the result above. The general result however is rather messy to state and prove, and so for simplicity we have chosen to prove only what we needed in the cases we were interested in.
We now go back to the explicit situation we are concerned with. Although g is an eigenform of level 59168 = 2 5 · 43 2 , we can still consider the corresponding representation ρ g : G Q → GL(2, F 5 ), and then directly analyze its ramification.
Proposition 1.9. The representation ρ g is unramified at 5.
Proof. Continuing the modular symbols computations as above, we find that V 1 is spanned by the two eigenforms
For p = 5 and p ≤ 997, we have a p (f 1 ) = a p (f ). To check that a p (f ) = a p (f 1 ) for all p = 5, it suffices to show that the difference f − f 1 has q-expansion involving only powers of q 5 ; for this we use the θ-operator q d dq : S 5 (1376, ε; F 25 ) → S 11 (1376, ε; F 25 ). Since θ sends normalized eigenforms to normalized eigenforms, it suffices to check that the subspace of S 11 (1376, ε; F 25 ) generated by θ(f ) and θ(f 1 ) has dimension 1. Corollary 1.7 implies that it suffices to verify that the coefficients a p (θ(f )) and a p (θ(f 1 )) are equal for all
The eigenform f must be new because we computed it by finding the intersections of the kernels of Hecke operators T p with p 1376; if f were an oldform then the intersection of the kernels of these Hecke operators would necessarily have dimension greater than 1. Because it takes less than a second to compute each a p (θ(f )), we were easily able to verify that the space generated by θ(f ) and θ(f 1 ) has dimension 1.
Remark 1.10. In this example (but not some of the other seven examples!) it is possible to avoid appealing to Corollary 1.7 by using one of the following two alternative methods: 1) Define θ directly on modular symbols and compute it. On modular symbols, the analogue of the θ operator seems to be multiplication by
The main point in the proof is that one can check easily from the definitions that T q θ = qθT q for q a good prime, and hence this map theta must correspond with the "classical" theta up to a constant; one should perhaps worry that this constant could be zero, but in practice given an f one can check explicitly that θ(f ) = 0 by direct computation.
2) Compute the intersection
Since θ(f ) and θ(f 1 ) both lie in the intersection, the moment the dimension of a partial intersection is 1, it follows that θ(f − f 1 ) = 0. We successfully carried out both alternatives. For the second, we find that after intersecting kernels for p ≤ 11, the dimension is already 1. The first of these two methods took much less time than the second.
Next we use that θ(f −f 1 ) = 0 to show that ρ g is unramified, thus finishing the proof of the proposition. Since f is ordinary, Deligne's theorem (see [9, §12]) implies that
with γ and δ unramified characters, γ(Frob 5 ) = ε(5)/a 5 = α 8 /α 22 = α 10 , and δ(Frob 5 ) = α 22 . Since a p (f 1 ) = a p (f ), for p = 5, we have Hence H is a subgroup of A 5 that contains an element of order 2 (complex conjugation) and an element of order 3 (for example, ρ g (Frob 7 ) has characteristic polynomial x 2 − 2x − 1). This proves that H is isomorphic to either S 3 , A 4 , or A 5 . Let L be the number field cut out by H. If L were an S 3 -extension, then there would be a quadratic extension contained in it which is unramified outside 2 · 5 · 43; it is furthermore unramified at 5 by the previous section and unramified at 43 because I 43 has order 3. Thus it is one of the three quadratic fields unramified outside 2. In particular, the trace of Frob p would be zero for all primes in a certain congruence class modulo 8. However, there are primes p congruent to 3, 5, and 7 mod 8 such that a p (g) = 0, e.g., 3, 7, and 13. If H were isomorphic to A 4 , then let M denote the cyclic extension of degree 3 over Q contained in L. Now M is unramified at 2 and 5, and hence is the subfield of Q(ζ 43 ) of degree 3. Choose p 1376 · 5 that is inert in M , i.e., so that p is not a cube mod 43. The order of ρ g (Frob p ) in GL 2 (F 5 ) must be divisible by 3. However, a quick check using Table 2 shows that this is not the case for p = 3.
1.5.
Bounding the ramification at 2 and 43. Let L be the fixed field of ker(proj(ρ g )). We have just shown that Gal(L/Q) is isomorphic to A 5 . By a root field for L, we mean a non-Galois extension of Q of degree 5 whose Galois closure is L. Proposition 1.12. The discriminant of a root field for L divides (43·8) 2 = 344 2 , and in particular, L must be mentioned in Table 1 of [8, pg. 122] .
Proof. The analysis of the local behavior of ρ f at 43 given in Proposition 1.3 shows that the inertia group at 43 in Gal(L/Q) has order 3. Using Table 3 .1 of [3] , we see that if Gal(L/Q) ∼ = A 5 then it must be of type 2 at 43, and hence the discriminant of a root field of L, that is, of a non-Galois extension of Q of degree 5 whose Galois closure is L, must be 43 2 at 43.
At 2 the behavior of ρ is more subtle and we shall not analyze it fully. But we can say that, because ρ has arisen from a form of level 1376 = 2 5 · 43, we must be either of type 5 or one of types 14-17, in the notation of Table 3 .2 of [3] . In particular, the discriminant at 2 of a root field for L will be at most 2 6 . Finally, L is unramified at all other primes, because ρ is. Hence the discriminant of a root field for L, assuming that Gal(L/Q) ∼ = A 5 , divides (43.8) 2 = 344 2 .
We know that L is an icosahedral extension of Q with discriminant dividing 43 2 · 2 6 . 
that is modular. Since ρ ramifies at only finitely many primes, and ρ is unramified at 5 with distinct eigenvalues, [5] implies that ρ arises from a classical weight 1 newform.
More examples.
The data necessary to deduce modularity of each of our eight icosahedral examples is summarized in Tables 3-6 . The notation in Table 3 is as follows. The first column contains the conductor. The second column contains a 5- tuple [a 4 , a 3 , a 2 , a 1 , a 0 ] such that the A 5 -extension is the splitting field of the polynomial h = x 5 + a 4 x 4 + a 3 x 3 + a 2 x 2 + a 1 x + a 0 . The column labeled ord(Frob 5 ) contains the order of the image of Frob 5 in A 5 . The next column, which is labeled "p with a p = 0", contains the first few p such that a p is easily seen to equal 0 by considering the splitting of h mod p. The ε column contains the character of the representation, where the notation is as follows. Write (Z/N Z) * as a product of cyclic groups corresponding to the prime divisors of N in ascending order, and then the tuples give the orders of the images of these 
The notation in Table 4 is as follows. The first column contains the conductor. The second column contains an eigenform that was found by first intersecting the kernels of the Hecke operators T p with p as in Table 3 , and then locating an eigenform. In each case, a companion form was found, by computing a p (f ) for p ≤ bound, where bound is the bound from Corollary 1.7. Table 5 shows that the fixed field of the image of each proj(ρ g ) is icosahedral. The first column contains the conductor N . The second column contains a twist g of f such that a p (g) ∈ F 5 for all p 5N . The third column contains a Frob p such that proj(ρ g (Frob p )) has order 3, along with the characteristic polynomial of ρ g (Frob p ). As in the proof of Proposition 1.11, the other two boxes give data that allows us to deduce that the fixed field of the image of proj(ρ g ) is icosahedral. Find a Frobenius element with projective order 3.
N g proj. order 3 charpoly Table 6 gives upper bounds on the ramification of the fixed field of the image of proj(ρ g ). These bounds were deduced using Table 3 .1 of [3] by restricting the possible "types" using information about the character ε. Note that though the bounds are not sharp, e.g., the discriminant of the representation of conductor 2416 is 2 4 · 151 2 , they are all less than 2083 2 , so the corresponding field must appear in Table 2 of [8] .
3. Computing mod p modular forms.
Higher weight modular symbols.
The second author developed software that computes the space of weight k modular symbols S k (N, ε), for k ≥ 2 and arbitrary ε. See [12] for the standard facts about higher weight modular symbols, and [15] for a description of how to compute with them. Let K = Q(ε) be the field generated by the values of ε. The cuspidal modular symbols S k (N, ε) are a finite dimensional vector space over K, which is generated by all linear combinations of higher weight modular symbols
that lie in the kernel of an appropriate boundary map. There is an involution * that acts on S k (N, ε), and S k (N, ε) + ⊗ K C is isomorphic, as a module over the Hecke algebra, to the space S k (N, ε; C) of cusp forms. Fix k = 5. In each case considered in this paper, there is a prime ideal λ of the ring of integers O of K such that O/λ ∼ = F 25 . Let L be the O-module generated by all modular symbols of the form X i Y 3−i {α, β}, and let
This is the space that we computed. The Hecke algebra acts on S 5 (N,ε; F 25 ), so when we find an eigenform we find a maximal ideal of the Hecke algebra.
As an extra check on our computation of S 5 (N, ε; F 25 ), we computed the dimension of S 5 (N, ε; C) using both the formula of [6] and the Hijikata trace formula (see [10] ) applied to the identity Hecke operator.
Complexity.
We implemented the modular symbols algorithms mentioned above in Magma (see [2] ) because of its robust support for linear algebra over small finite fields.
The following table gives a flavor of the complexity of the machine computations appearing in this paper. The table indicates how much CPU time on a Sun Ultra E450 was required to compute all data for the given level, including the matrices T p on the 2-dimensional spaces, for p < 2000. For example, the total time for level N = 1376 was 6 minutes and 58 seconds. 
